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Susan Dale Barton, Master of Science 
Utah State University, 1983 
Major Professor: Dr. Lawrence O. Cannon 
Department: Mathematics 
V 
This paper gives a survey of different methods of prime 
number testing. Emphasis has been given to algorithms based 
upon Fermat's Theorem: if pis an odd prime number, then p 
divides aP-a. All of the computer programs described in 
this paper have been written for use on microcomputers and 
so the feasibility of using microcomputers is also 
discussed. Finally, numbers of various forms have been 
considered for primality with special attention given to 
Mersenne and Fermat numbers. It is hoped that some of the 
information contained in this paper may provide worthwhile 
enrichment ideas for mathematics educators. 
( 69 pages) 
1. INTRODUCTION 
Within t he field of mathematics th e r e is a br a nch 
called nu mbe r theory that deals with the properti es of whole 
number s. Numbe r theory is ric h in p r o bl ems that a re ve ry 
simple to state yet ex tremely challenging to solve . Secause 
the problems are often so easily stated, number theory is an 
excellent resource area for fin ding problems that can 
intrigue and in volv e se condary school and co l lege - a ge 
students. One topic that ha s fascinated mathemat ici a ns for 
thousands of yea rs is primality and its relation to perfect 
numbers. A perfect number is one that is the su m of it s 
pro p er divis ors. For example , 28 is perfect si n c e 
1+ 2+4+7+14 = 2P.. Out of the study of pe rf ec t numb e rs came 
the need to know values of n for which 2n-1 is prime. Th e 
same question of prirnality can be asked ab out numbers of 
n 
the form 2 2+1, called Fermat numbers af ter Pierre de Fermat. 
More generally, what conclusions, if a ny, can be drawn about 
n 
the primality of numbers of the form an+l,nn+l, or nn+l, for 
natural number n? These as well as other numbers will be 
investigated in this paper. Also we will discuss various 
algorithms for primality testing. Since we hope to make 
this work accessible to students who have only limited 
computing facilities, we deal exclusively with microcomputer 
algorithms, recognizing both their convenience and 
limitations. 
2 
2. PRIME NUMBER TESTING 
The question of primality is simply posed but 
generally not so readily answered, especially as the numbers 
increase in size. A str aightforward approach in determining 
primality is suggested by the definition of a prime number. 
One could just divide N, the number being tested, by all the 
natural numbers 2,3,4, ••• ,N-l. If any of the div isions 
comes out even (ie. leaving no remainder) then the test 
number is composite; if no divisors are found then N is 
prime [7] . 
Obvious improvements on this testing procedure can be 
made. One can observe that only odd numbers need to be used 
in the trial division process after division by 2 has been 
checked. Also, only numbers up to the square root of N need 
to be checked by trial division, since if one factor exists 
then there must be at least one more factor. Thus, if the 
number N has a factor larger than the square root of N, then 
it must also have a factor smaller than the square root of 
N. For example, 713 = 31 * 23; so if 31 (which is larger 
than the square root of 713) is found to be a factor of 713, 
23 (which is smaller than the square root of 713) should 
have already been determined to be a factor and the 
conclusion made that 713 is not prime. Consequently, if no 
factor is found less than or equal to the square root of N, 
then there will not be a factor larger. 
With these two improvements, the speed of the trial 
d i vision procedure can be greatly increased. Furthermore, 
with the availability of personal computers in the home and 
p~blic schools, even relatively large numbers can be readily 
t2sted for primality by students. However, even the speed 
of the microcomputer will be insufficient for very large 
n mbers. It has been estimated conservatively that to 
factor certain composite numbers with 75 digits, using the 
fastest algorithm known, on an imaginary computer faster 
t han any known in existence, would take about 15 weeks. For 
certain numbers with 100 digits it could take a lifetime 
Consequently, there is a limitation to the practicality 
of the trial division method, especially if one only has 
access to a small computer. We should note that the only 
numbers that one need consider for primality testing are 
those whose last digit is a 1,3,7, or 9. Thus, the 
question remains; what happens if the number does end in a 
1, 3 ,7, or 9 and trial division is not practical? 
means for testing this number must be found. 
Then other 
One of the problems with the trial division method is 
that it does more than is desired. Not only does the method 
de~ermine whether a number is prime or composite, it also 
gi ves factors of any composite number. Thus, a method must 
be found which will determine whether a number is composite 
without actually finding any factors. To expand on this 
thought, our attention must be turned to Pierre de Fermat. 
Fermat is commonly recognized as the father of number 
3 
theory. Born in 1601 near Toulouse, Fermat was not a 
professional mathematician , but rat her a lawyer who held 
important judicial posi tions in Toulouse most of his life . 
Consequently, his mathema tical work was do ne as an 
avocation , for he spent much of his l ife studying and 
fo rmulat in g interesting problems in number theory [s]. 
While he wa s studying perfect numbers, Fermat discovered 
what we now call Fermat's "little" theorecn [4]. Fermat's 
theorem has been stated various ways, but the mo st common 
way is as follows: 
If p is a prime number, then, for every integer 
/ 
a, the number aP-a is divisible by p [20]. 
In Harold Edward's book, Fermat's Last Theorem 
Edwards provide s us with the sequence of ideas that led 
Ferm at to his discovery. It is not the intent of this paper 
to describe fu lly the events that took place in history 
regarding this theorem; h owever, a short proof will now be 
given. One way to prove Fer:r. at 's theorem is to use the 
binomial theorem which states: 
Also, a lemma, {x+y)P = xP + yP (mod p) needs to be shown 
since it will be used in the proof. 
Proof of the lemma: 
for all r, O < r < p. 
If pis prime then p divides (~) 
Now = r! {~~r) ! which implies 
r!(p-r)! divides p! since is an integer. But, 
( p, r ! ( p- r) ! ) = 1 for 1 < r < p-1. Therefore, r! {p-r) ! 
divides (p-1) ! . Thus = 
(P-1)! 
P(r!{p-r)!). Thus, by the 
4 
binomial theorem 





we see is congruent to 
Proof of Fermat's theorem: First note that if aP=a 
(mod p) when a is a natural number, then aP ~ a (mod p) for 
any integer a. Since any integer a is congruent mod p to 
some natural number b we see that: 
if bP=' b (mod p) then 
a P ~ b P -:;;:. b == a (mod p) • 
Now suppose a = l; then 1P= 1 (mod p). If aP:::_ a 
(mod p) for a > 1 then (a+l)P ~ aP + 1P (mod p) by the 
1 emm a. But, aP-==. a (mod p) and 1P -=.::::l (mod p) Thus (a+l) P=-
a+l (mod p). Therefore, having made use of induction, the 
proof is now complete. 
All known methods of testing primality that do not 
depend on factoring trace their lineage to this "l ittle " 
the o r em o f Fe rm a t I}. s] . S i n c e the id ea i s to de term i n e i f a 
number is prime, and because the theorem assumes the number 
is prime to begin with, the real use of the theorem will 
come from the logically equivalent statement: if p does not 
divide aP-a then p is not prime. This theorem in its 
equivalent form provides us with a method for testing 
compositeness which in general is more practical than trial 
d ivision especially as the size of the test number 
increases. 
If we attempt to use Fermat's theorem, it becomes 
apparent that aP-a grows rapidly. So in order to use the 
6 
theorem it is necessary to know some basic concepts of 
modular arithmetic. 
Carl Friedrich Gauss is cr(~dited with formulating 
modular arithmetic. In this arithmetic, the absolute size 
of a number n is irrelevant; all that matters is the 
/ 
remainder, r (called the residue) after n is divided by some 
rn (called the modulus). The residue is written n= r (mod m) 
Addition, subtraction, and multiplication are 
basically the same as in regular arithmetic except the final 
answer (the sum, difference, or product) must be written in 
modular form. ( ie. r (mod m)). 
In the next chapter we will examine in more detail some 
primality algorithms based upon Fermat's theorem. 
3. PRIMALITY ALGORITHMS USING FERMAT'S THEOREM 
3 . 1 . The converse of Fermat 's 
t he o r e m 
S eve ral v aria t ions o f Fermat's theor e m ha v e been used 
/ 
in p r imality algo r i t hm s. Fo r i ns ta nc e , i f we c o ns ider a N- a 
a nd then factor out an a we obtain a(aN-
1 -1). If we assume 
t he gr eate st commo n d iv isor of a and N is 1 then Fermat's 
"li t tl e " t heorem implies if aN-l is not congruent to l(mod 
N), N i s a composite number. This form of Fermat's 
theorem is more useful in programming and will form the 
basis for the primality algorithms. 
Now, if the criterion for the programs is met, that is 
i f fo r s ome t es t number N, 
1 (mod N) ( 1 ) 
t hen we a re not sure whether N is prime or not since the 
equiv a l e nt form of Fermat's theorem does not apply. So, 
after t e sting several numbers for which we know whether they 
are composite or prime, one may wish to conclude that if (1) 
is satis f ied then the number being tested is prime (ie. that 
the con v erse of Fermat's theorem is true). In fact, the 
Chinese some 25 centuries ago declared that if for a natura l 
number N greater than 1 the number 2N-2 is divisible by N 
t he n N i s pr i m e [2 ~ • Ho w e v e r , a s w i 11 be ex p 1 a i n e d , th i s 
Chinese theorem as well as the converse of Fermat's theorem 
d o no t h o 1 d t r u e f o r a 11 N g r e a t e r t h a n 1 [9] . Thus, with 
each of the primality programs to be discussed, we must note 
that only compositeness can really be established. 
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To prove that the converse of Fermat's theorem (and the 
Chinese theorem as wel 1) is not necessarily true, consider 
the number 341 and let a= 2. If 2 340 were calculated modulo 
341 the result would be 2 340 -= l(mod 341) which would imply 
that 341 is prime if the converse of Fermat's theorem were 
true. But, 341 = 11*31. Thus, as we can see, there are 
composite numbers which act as if they are prime when it 
comes to Fermat I s test. Numbers such as 341 are the reason 
why the converse of Fermat's "little" theorem is not true. 
A composite number N, for which (1) is satisfied for some 
base a has been given the appropriate name "pseud opr ime" to 
the base used in the test. 
base 2. 
3 .2. Primality algorithms 
Thus 341 is a pseudoprime to the 
More on pseudoprimes will be given later in the paper, 
but for right now we turn our attention to the primality 
programs. In the first algorithm the machine's double 
precision is used so that on most Z-80 or Z-80A computers, 
numbers less than 99999999 may be tested for primality. The 
steps are as follows: 
1. Enter the number to be tested. (Call it N). 
2. Check the size of the number. If it is too 
large for the operating system, then print 
"TOO LARGE" and exit the program. 
3. Enter the base to be used in the test. (Ca 11 
it A) • 
9 
4. Compute AN-l (mod M). 
5 • I f AN - l= 1 ( m o d N ) t h e n p r i n t N " I S P ROB AB LY 
PR I MF.." 
I f AN- l $- 1 (mo cl N) then pr i n t ~l " IS t-JOT 
PRIME ." 
St ep number 4 will require most of the computing time 
for the program. AN-l will in general be too large for the 
com[)uter to ~andle, so other methods will need to be 
implemented to obtain l\N-l (moc N) . 
One efficient methoo is a variation of the "'Russian 
Peasant Method" of multiplication. It computes M = c0 (moc N) 
as follows: 
l. Let M = l. 
2. If Dis odd, let M = M*C (mod N) . 
3. Let C = C*C (mod N). 
4. Let D = (integer part of D/2 ). 
5. If Dis not O repeat from step 2, otherwise 
t e r m i n a t e w i t h M a s t h e d e s i r e d a n s w e r [2 ~ • 
The program in Appendix A is written in Microsoft BASIC 
and uses the "Russian Peasant Method" described above to 
determine AN-l. This program has worked quite well in terms 
of speed and accuracy for numbers less than 10 9 • There is a 
similar program that appeared in the January 1983 issue of 
"BYTE" magazine in which ten bases (randomly generated) are 
used in the testing procedure. This program has been 
adapted for Microsoft BASIC and is listed in Appendix B. 
The author of the article states that a slightly modified 
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version of this prog ram ha s odds of one million to one 
a g a inst ma king a n e rror. Th e se od ds se e m a little "too 
g ood ". Ye t , a ll the c ompo si te nurr:b e rs t e s t ed , whi c h 2 r e 
pseu d opr i me s to one or more base, were evaluat ed corr e ctly, 
(i e . " not r,rirr . e " ) b y th e p r og r a m giv en in t h e crticl e . 
Th us , th e odds quoted fo r the sli ght l y mod i f ie d p r og r am :nay 
v ery well be realistic. 
Bo th of t hese progra ms a re qu i t e e ffici e nt, b ut t hey 
hav e one s er io us h a ndic a p: only numbers with f ewe r th a n 9 
d igits can be tested. Certainly a microcomputer should be 
a ble to t e st larger numbers than this. Inde e d l a rger 
nu mbers c an be tested for prim a lity, but 
. t-1 ~ r e quir e s 
c o n si de r a bly mor e work in progr a mming than e i th e r of the 
p r ev i o us p rogr ams . Th e probl em with t h e t wo ~rogr a ms 
a lr ead y de scrib ed is that the op e rating system will allow a t 
most only 8 d igits t o be multipl i ed together. Thus, in 
order to test numbers with 9 or more digits, the numbers 
wi l l need to be treated as character strings. One character 
string can have 255 characters, so theoretically a number 
with 128 digits can be tested for primality by entering it 
as a single character string. As a consequence of using 
strings, programs for multiplication, addition, and 
subtraction need to be written. These are short programs 
which will be incorporated into the main program as 
subroutines. The basic steps for this algorithm are 
essentially the same as those mentioned for the first 
program. 
1. Enter the number to be tested as a character 
string. 
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2. Enter the base to be used in the test.(If the 
base is smaller than 10 9 , which in practice it 
will be, then the base may be entered as a 
number). 
3. Compute AN-l (mod N) or more precisely 
AVAL(N$)-l (mod VAL(N$)) where N$ is the test 
number entered as a string. 
4. If AN-l= l (mod N) then print N "IS PROBABLY 
PRIME." 
If AN-l-$ 1 (mod N) then print N "IS NOT 
PRIME." 
Steps 1,2, and 4 are straightforward;it is in step 3 that 
the challenge of writing the program occurs. The need for 
a multiplication program is apparent since the "Russian 
Peasant Method" for obtaining some cO (mod N) requires C*C 
and C*M to be determined several times. Within the 
multiplication program there will be another subprogram for 
addition of the rows obtained in the multiplication process. 
After the two numbers are multiplied, then the product 
modulo N must be evaluated. Since a program for division of 
arbitrarily sized numbers would be difficult to write; a 
program involving repeated subtractions will be implemented 
instead. 
The last part of the program which will need to be 
written is to take care to step 4 in the "Russian Peasant 
12 
Method" of multiplication. A program to do division by 2 is 
surprisingly easy to write, especially in light of the fact 
that division in general is quite difficult to write. 
Now consider the multiplication program in more detail. 
Recall, in multiplication, the last digit (furthest digit to 
the right) of the second number is multiplied by each digit 
of the first number, with the appropriate carrying taking 
place. This product is placed in the first row under the 
two numbers being multiplied. Then the next digit to the 
left of the last digit is multiplied by each digit of the 
first number; the product being placed in the second row and 
shifted one place to the left. This process is continued 
until each digit of the second number has been multiplied by 
each digit of the first number, the products being placed in 
the respective rows and shifted over appropriately. 
This procedure needs to be duplicated on the 
microcomputer. An array can be used to hold the rows 
obtained in the multiplication until they are added 
together. In the program written, T$ contains the 
individual multiplications. C$ is used for the digits that 
are to be carried and array Hl${row number) contains the 
rows of multiplication. 
After all multiplications are completed, the individual 
rows are shifted to the left as mentioned before. {ie. first 
row not shifted, second row shifted one place, third row 
shifted two places and etc.). Zeros are then placed in the 
blanks. Each row must be the same length in order to add 
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them; therefore, all rows must be made the same length as 
the last row. Now each column can be added together. T$ is 
again used to hold the sum of each column. After each 
column is added together (in T$) and the digits that are 
carried to the next column are taken care of, then the 
result is placed in H$. After all additions are completed 
and having made use of concatenation of strings, H$ will be 
the product of the two original numbers being multiplied 
together. 
Now consider the subtraction program for determining a 
number, H$, modulo another number, N$. The length of the 
two stings must be the same, but in order to increase the 
speed of the repeated subtraction process, the zeros are 
placed on the right end of the N$ instead of the left end 
until the lengths are the same (W$ is actually used in place 
of N$ so that N$ may be preserved for later use). If W$ is 
greater than H$ then one zero is removed from the right end 
of W$ and is added to the left end so that the lengths are 
the same again, but W$ will be less than H$. Now the 
subtraction process can take place one column (or in other 
words one digit of each number) at a time. If the digit of 
the first number is less than the digit of the second number 
then borrowing must take place. To do this, one is 
subtracted from the digit just left of the digit in the 
first number and ten is added to the digit under 
consideration is the first number. The digits of the two 
numbers are then subtracted with the difference being placed 
14 
in 0$; this process is repeated for each of the digits. Once 
the subtraction has been completed for each of the digits, 
concatenation of strings will yield the difference in D$ 
which is then transferred to H$. All extra zeros on the 
l eft end of P.$ need to be removed. Then a test to see if H$ 
is greater than or equal to N$ is given to see if the 
subtraction process must be repeated. Of course if the new 
H$ is less than N$ then it is the residue modulo N$. 
Figure 1 contains a flow chart which will assist in 
understanding this process. ------
START 
ENTER H$ AND NS 
LET W$ = NS 
DETERMINE L NGTH OF HS 
STOP 
CONCATENATE ON THE RIGHT OF WS 
THE NUMBER OFZEROS REQUIRED TO 
MAKE W$ THE SAME LENGTH ASH$ 
SUBTRACT W$ FROM HS 
AND PUT INTO 0$ 
TAKE ONE ZERO FROM 
RIGHT END OF W$ AND 
PUT ON LEFT END TO MAKE 
THE LENGTH THE SAME ASH$ 
REMOVE ANY ZEROS FROM LEFT END OF 03 
1--------~ LET H$ = 0$ 
Fig. 1. Flowchart for determining a number modulo another 
number. 
If 57,257 (mod 2 3 41) were to be determine d from the 
flow chart then we would obtain the following: 
H$=57,257 
~1$ =2 3 41 
------------------First time through 
\I]$= 2 3 41 
N$ < HS y e s 
le ngth of HS is 5 
W$=23,410 
W $ < H $ yes ' 
0$=33,847 
H$=33,847 
------------------Second time through 
W$=2341 
N$ < H$ yes 
length of HS is 5 
W$=23,410 
W$ < H$ yes 
0$=10,437 
H$=10,437 
------------------Third time through 
W$=2341 
N,$ < H$ y e s 
l ength of HS is 5 
WS=23,410 
W$ < HS no WS=02341 




------------------Fourth time through 
W$=2341 
N$ < HS yes 
length of H$ is 4 
W$=2341 
W$ < H$ yes 
D$=5755 
H$=5755 
------------------Fifth time through 
W$=2341 
N$ < H$ yes 
length of H$ is 4 
W$=2341 
W$ < H$ yes 
0$=3414 
H$=3414 
------------------Sixth time through 
W$=2341 
N$ < H$ yes 
length of H$ is 4 
W$=2341 





------------------Seventh time through 
W$=2341 
NS< H$ no stop 
Thus, 57,257 = 107 3 (mod 2341). 
Finally, the program for division by two must be 
considered. Recall, with division there is a mental 
exercise involved. This process is to determine how many 
places to move from the left to the right in the dividend 
before the divisor can be multiplied by a natural number and 
still be less than or equal to that portion of the dividend. 
Division by 2 makes the process relatively e asy since we 
only need to be concerned with one or at most two digits at 
a time in the dividend. If the one digit in the dividend is 
less than 2 then a O must be placed in the quotient and then 
the next digit of the dividend is attached on the right side 
of the . previously mentioned digit. Then the procedure is as 
follows. The appropriate natural number that will provide 
the smallest remainder after being multiplied by 2 and 
subtracted from the given part of the dividend is put into 
Q$. The remainder must then be multiplied by ten and added 
to the next digit in the dividend and the division process 
is repeated until the last digit in the dividend remains. 
(The digit furthest to the right). A check must be made to 
see if it is less than 2. If so, a O is added on the right 
side of Q$, otherwise; the division process is repeated once 
more. The remainder left after this last step does not 
matter, since in the "Russian Peasant Method
11
, only the 
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integer part of the quotient is required. 
The basis for the entire program has now been 
describe d . The comp l et e program may be found in Appendix C. 
There are many other programs for primality testing 
wh i ch u s e Fer ma t's the or em a s the i r b a sis. One part i cul a r 
algor i thm, as suggested i n a Scientific American article [1~ 
by Carl Pomerance, does not use the "Russian Peasant Method" 
for determining aN-l (mod N). Instead it repeatedly applies 
the fact "that in modular arithmetic, the residue of the 
square of a number is congruent to the square of the residue 
of the number." For example, once 3
8 (mod N) is calculated 
then 3 16 (mod N) can be obtained by squaring the residue of 
3 8 and determining the residue of this number modulo N. So, 
if 1 0 43 i s tested for primalit y using 3 as t he base ( ie. 
determining the residue of 3l0 42 (mod 1043)), we simply 
· 2 4 8 determine 3,3 ,3 ,3 , and so on up to the highest power of 2 
less than or equal to 1043. This number is 1024. Then we 
note 1024 + 16 + 2 = 1042, so we have 3l0
24 *3 16 *3 2 = 3l0 4 2. 
After these three numbers are multiplied and the residue 
evaluated we find 3l0 42 :::. 431 (mod 1043); therefore, 1043 is 
not prime. Thus this new algorithm is based upon 
determining the fewest number of powers of 2 which add up to 
one less than the number being tested (ie. N-1). 
The powers of two up to 2 200 were determined and stored 
in a sequential file in order to increase the speed of the 
program. The computer is given the command at the beginning 
of the program to retrieve this sequential file and store it 
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in to memory. 
The essence of the program is to decide which powers of 
2 add up to N-1, determine the r e sidues modulo N, then 
multiply these r e sidues together and determine the residue 
of this number modulo the test number. 
li sted in Appendix D. 
This program is 
It is interesting to note that for several trial 
numbers these two programs do approximately the same number 
of multiplications and consequently about.the same number of 
subtractions in finding the residue mod N. Thus the running 
time for the two programs is very comparable. (See Tables 
1 , 2 , and 3) • However, as the numbers increase in size, 
the "Russian Peasant Method" program does take less time 
than the "Powers of Two ~ethod" program. Also, although 
these two programs have been designed to test numbers having 
up to 127 digits, they are really only practical for numbers 
with about 40 digits. For instance, when testing the 
seventh Fermat number, 
340,282,366,920,938,463,374,607,431,768,211,457 
(having 39 digits), the "Powers of Two " program ran for 
about three days and still did not complete the algorithm. 
The "Russi an Peasant Method" program did find the number to 
be composite in less than 20 hours; so this program can be 
used in testing slightly larger numbers. Hence, although 
these two programs are valuable in that they are good 
learning devices in developing programming ability, the 
a c tu a 1 a pp 1 i c -a b i 1 i t y i s q u i t e 1 i m i t e d • Ho we v er , a t 1 ea s t 
the numbers having nine to forty digits can now be tested in 
less than twenty-four hours. Carl Pomerance has st ate d 
that with the use of a large computer, the calculations 
described previously in the algorithms can be done rapidly, 
even if the input number has thousands of digits. 
Therefore, it should be noted that the major limitations in 
these algorithms are the size of the machine and memory 
capacity [1,U. Also the fact that the subroutines were 
written in MBASIC instead of machine language contributed to 
the inefficiency of the programs. The subroutines in MBASIC 
are quite slow. If machine language had been used the 
subroutines would have taken only a fraction of the time. 
But using machine language would also require much more 
sophistication in programming ability. 
~ More on pseudoprimes 
We now return our discussion to the idea of 
"pseudoprimes." As was briefly mentioned before, the 
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converse of Fermat's theorem is not necessarily true. It 
was explained that the composite number 341 is a 
"pseudoprime" to base 2. Now, having the primality programs 
readily accessible, the natural inclination when we see 2
340~ 
1 (mod 341) is to try another base. If a = 3, the result 
given is 3 430 -= 56(mod 341) and so 341 is not prime. Thus 
the next step in this line of reasoning is to conjecture: if 
several bases are tried with (1) always satisfied, then the 
number tested should be prime. In response to this 
conjecture consider the number 561 (561 =3*11*17). Using 
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any of the three programs in Appendixes A,C,or D, we 
would discover that 561 satisfies (1) for every base 
relatively prime to it. Furthermore, if aN-a were used 
instead of aN-l -1 then the result for any natural number a 
would be l(mod 561). Composite numbers that satisfy (1) for 
every base relatively prime to them are called "Carmichael" 
numbers. An interesting observation is that if (1) is the 
form used in the analysis then 3 560 -~ l(mod 561), 11
560 t 
l(mod 561), and 17 560 'f l(mod 561) which will provide the 
correct conclusion, 561 is not prime. Thus, in theory, if a 
composite number is being tested and (1) is used in the 
algorithm and if enough bases are tried, a base not 
relatively prime to the number will be used and the correct 
conclusion, that the number is not prime, will be obtain~d. 
For instance, the program in Appendix B (which uses 10 
bases) correctly assessed 561 and several other Carro ichael 
numbers less than 10 9 . The problem occurs in knowing how 
many bases to try before concluding the number must be prime 
when dealing with large numbers. Thus the time involved for 
testing in this manner could result in a method nearly as 
poor as trial division. However, according to Pomerance, 
Selfridge, and Wagstaff in "The Pseudoprimes to 25*10
911, 
there are methods for determining if the number under 
consideration is a Carmichael number and so possible checks 
could be made if the number satisfies (1) for several bases 
[16] . 
Although there are some pronounced limitations in 
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Fermat's test for compositeness, it is in general still more 
efficient than trial division when all that is desired is a 
check on the number's primality. 
4. PRIME NUMBERS OF A PARTICULAR FORM 
4.1. Perfect numbers and 
Mersenne numbers 
The study of perfect numbers is in itself an 
intriguing and worthwhile pursuit; however , the only aspect 
of perfect numbers that will be of concern in this paper is 
a sufficient condition for perfect numbers developed by 
Leonhard Euler (1707-1783). In the Elements (Book IX, 
Proposition 36) it is stated that if the number 1+2+4+ ••• 
+2n-l = 2n-1 is prime then the number 2n-l(2n-l) is perfect 
[6]. This can be shown by noting that if p = zn-1 is prime 
then the proper divisors of (2n-l)p are l,2,4, ••• ,(2n-l), 
p,2p,4p, .•• ,(2n- 2 )p and the sum of these divisors is 
1+2+4+ ..• +2n-l + p(l+2+4+ ..• +2n- 2 ) = p + p(2n-l_l) = (2n-l)p 
[4] . 
Thus, in order to determine perfect numbers it will 
suffice to find prime numbers of the form zn-1. 
Furthermore, in order for an even number to be perfect, it 
is necessary and sufficient to be expressible in the form 
Whether there exist any odd perfect 
numbers is a famous unsolved problem, since no other 
examples of perfect numbers are known besides those of the 
form mentioned above. Numbers having the form zn-1 are 
called Mersenne numbers after the frenchman, Father Marin 
Mersenne (1588-1648). 
We now need to examine which Mersenne numbers should be 
tested for primal i ty. For instance, only Mersenne numbers 
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.2-3 
where n is prime can be prime. This can be seen by 
supposing n is not prime. Let n = mk where m and k are 
natural numbers greater than 1. 
(2m-l) (2m(k-l) + 2m(k- 2 ) + ••• + 2m + 1) which implies that 
2mk_1 is not prime. Making use of the primality programs 
described in the previous chapter, numbers such as 2
11 -1, 
2 23 -1, and 2 37 -1 will be found to be composite whereas2
2-l, 
2 3 -1, 2 5 -J, 2 7 -1, 2 13 -1, 2 17 -1, 2 19 -1, and 2 31 -1 will be 
11probably prime". After trying sever al bases for the second 
group of Mersenne numbers one would be almost certain that 
these are Mersenne primes. In fact, Mp, which is the symbol 
for (2P-l), is known to be prime for p = 2,3,5,7,13,17, 
19,31,61,89,107, and 127 but is composite for all other 
prime p's less than 257 [1 7] . Most of these can be tested 
using one of the primality algorithms. 
The largest known prime numbers are Mersenne primes. 
These numbers have been found by using modern high speed 
computers. In October of 1978, two high school students, 
Laura Nickel and Curt Noll, using the computer center at 
California State University at Hayward found that M2170 1 is 
prime. Just a few months later, Curt Noll found M23209 is 
prime. But this record did not stand for long. In April of 
1979, David Slowinski, working on the CRAY-1 computer 
checked every Mp until he found M44497 to be prime. This 
number has 13,395 digits [14]. Testing numbers this large 
is well beyond the capability of small computers. It is 
interesting to note however, that high school students were 
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able to develop an algorithm to test numbers this large and 
more than likely these students first started programming on 
a small computer. Further discussion of Mersenne numbers 
will be postponed until later in the paper so that other 
numbers of the form an+l (where a and n are natural numbers) 
may now be considered. 
4.2. Numbers of the form an~l ---- - -- --- - -
There are some general cone 1 us ions regarding prim al i ty 
that can be drawn concerning numbers of the form an+l. With 
the exception of Mersenne primes, numbers of the form an-1 
or an+l can only be prime if n is a power of 2 (again with 
the exception of n = 1). Suppose we have an-1 where n is 
an odd prime. Then an-1 factors as (a-1) (an-l + an- 2 + an-
3 
+ .•. + a + 1) and so if a f 2 then an-1 cannot be prime. 
Now suppose n is not prime, then let n = mk where k is odd. 
implies an-1 is not prime. Thus for an-1 to have a chance 
to be prime, either a= 2 or n is of the form 2m. 
Similarly, for an+l, if n is an odd prime an+l will 
factor to (a+l) (an-l - an-2 + an-3 - a+ 1). If n is 
not prime and at least one of its factors is odd, then let n 
= mk where k is odd; 
- a + 1) which again implies an+l is not prime. So, in 
order for an+l to be prime (n > 1) n must be of the form 2m 
(where mis a natural number). 
Another fact concerning numbers of this form is that if 
m m m 
a is odd then a 2 will be odd so that a 2 -l or a
2 +1 will be 
even. But all even numbers greater than 2 are composite. 
Consequently, if a is odd, the only numbers of this form 
that can possibly be prime occur when a= 1 or n = O, 
has been restricted to be a natural number. 
but n 
Now we consider some natural number replacements for a 
and n. Suppose a= l; we either get O or 2 for all natural 
n n 
numbers n. Suppose a= 2; we have 2 2 -1 or 2 2 +1. 
really a Mersenne number, M n· Recall Mersenne numbers can 
2 
be 'prime only if the exponent is prime. 2n is prime only 
/) 
when n = 1. Thus the numbers of the form 2 2 -1 will give 
only one prime 2 2 -1 = 3. 
n 
Numbers of the form 2 2 +1 are 
called Fermat numbers, denoted Fn. 
One of Pierre de Fermat's faulty conjectures was when 
n 
he made the claim that all numbers of the form 2 2 +1 (n is a 
natural number) are prime. The first four Fermat numbers 
5 
are prime; however, in 1732 Euler showed that F 5 = 2
2 +1 = 
4,294,967,297 was composite, being divisible by 641 [1'?]. 
The primality programs described in this paper will also 
draw the same conclusion as Euler, F 5 is not prime, although 
they will not find the factor 641. Furthermore, F 6 can be 
shown to be composite. Since Fermat's time many Fermat 
numbers have been shown to be composite, but the only Fermat 
primes known are the first four Fermat numbers. Methods of 
determining when larger Fermat numbers are composite will be 
discussed in the next chapter. 
Suppose we consider the question are there any other 
n 
a's for which a 2 +1 is prime for n = 1,2,3, and 4? If we 
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n 
examine a few cases such as 6 2 +1; n = 1 and 2 provide prime 
numbers, but n = 3,4, and 5 result in composite numbers. 
Now consider a = 10,12,14 ,16,1 8,22, and 26: if n is 1 then 
the bases a= 10,14,16, and 26 provide prime numbers, but 
for n = 2 only 16 provides a prime number and none of these 
bases give a prime number when n = 3. 
n 
Similarly, if a 2 -l 
is evaluated for a= 6,10,14,16, and 18 then there are no 
n 
prime numbers when n is "' 1,2,3,or 4. In fact, a
2 -l is the 
n-1 n-1 
difference of two squares and will factor as (a
2 -1) (a 2 +l). 
Although the results given here are far from 
conclusive, it does lead one to conjecture that prime 
numbers of the form an+l are quite rare. The only seemingly 
productive numbers of this form as far as primality is 
concerned are Mersenne numbers (2n -l ). 
n 
4.3. Numbers of the form nn+l and nn+l 
Suppose we look for prime numbers of the form nn+l and 
n 
n n+ 1. It has already been discovered for numbers of the 
form an+l, if n is greater than 1 then n must be a power of 
2. If n = 2r then the exponent will _ be r2r, but this must 
be a power of 2. Thus, any number of the form nn+l (where 
n is a natural number) is either 1 1 +1 or a Fermat number, 
F k· For k=O we obtain 2 2 +1 = 5 and is prime. For k=l, 
k+2 
we obtain F 3 = 257 which is prime. Fork=
 2 we have F 6 
which is not prime. Also, fork= 3 we do not get a prime 
because F 11 is composite. Since there 
are no other known 
Fermat primes beyond F 4 the likelihood of findin
g other 
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prime numbers of the form nn+l is remote. 
only three primes from numbers of this 
Thus we obtained 
form: 2, 5, and 257 
[20]. 
n 
Next we consider numbers of the form nn+l for 
1 2 
primality. It is easy to see that 1 1 +1 = 2 and 2
2 +1 = 17 
n 
are prime. It can also be shown that if the number nn+l, 
where n is a natural number greater than 1, is a prime, then 
r n 
for some integer r ~ O, we must haven = 2 2 , so that n°+1 
is again a Fermat number. 
For r = 0 the prime number F 2 = 17 is obtained; for r = 
1, F 9 is obtained and this numb
er is known to be composite, 
being divisible by 37(2 16 )+1. For r = 2 we get the number 
F 66 which has more than 10
18 digits. Thus it can be 
concluded that among the numbers having not more than 10
18 
digits, there exist only two prime numbers of the form 
n 
nn+l, where n is a natural number. They are 2 and 17 [20]. 
4.4. Numbers of the form n2n+l 
It has also been investigated which of the numbers of 
the form n2n+l, where n is a natural number, _ are prime. 
These are referred to as Cullen's numbers. Besides the 
obvious prime 3 when n = 1 there is only one other prime 
number known which is given by n = 141 [1~. However, in 
Problems~ the Theory of Numbers, Sierpinski states that 
"The question about the number of such primes remains open" 
[20] • 
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5. MORE ON MERSENNE AND FERMAT NUMBERS 
5.1. Theorem of E. Lucas and 
D.H. Lehmer 
For the past two centuries Mersenne and Fermat numbers 
h av e received a considerable amount of attention. The 
dawning of the computer age has made testing for primes more 
popular again and has opened up new avenues for testing 
numbers previously not possible. As was mentioned 
previously, the largest prime number known is a Mersenne 
prime having 13,395 digits. Since algorithms using Fermat's 
theorem as a basis are really only compositeness tests, 
other methods for establishing if a number is prime have 
been developed. A theorem given by E. Lucas and D. H. 
Lehmer is of particular interest when dealing with Mersenne 
numbers [10] . It states, a Mersenne number, MP' p being an 
odd prime, is prime if and only if it is a divisor of the 
(p-l)th term of the sequence s 1 ,s 2 , •.• where s 1 = 4, sk+l = 
s~-2, and k is a natural number [}9]. These sequences are 
often times called Lucas sequences after E. Lucas. The 
proof which is quite lengthy and involves some non-
elementary number theory is given in Appendix E. 
This theorem can not be easily applied in 
inv estigations of Mersenne numbers, especially if one notes 
how rapidly the terms of the sequence increase. For example 
s 10 > 10
256 , so the tenth term has more than 250 digits. 
Therefore in order to apply the Lucas theorem while 
investigating whether a given Mp (p being an odd prime) is 
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prime or composite, another sequence similar to {sk} is 
used. 
It is not very difficult to p rov e that in ord er for 
Mp!sp-l' it is necessary and sufficient that Mp be a divisor 
ofthe ( p - l)th term of the sequence {rk } (k = 1,2,3, ••. ) 
where r 1 = 4 and rk+l is the remainder 
on division of the 
2 2 number rk-2 by Mp (ie. rk+l = (rk-2) mod Mp). Thus we have 
the following theorem: 
For all natural numbers k and odd prime p, Mp! (sk-rk) 
(where sk is the kth term in the Lucas sequence). 
Proof: Induction will be used. Suppose k = 1 then 
B~t, we CQn also write 





Since rk+l is the remainder left by division of 
2 2 rk-2 by Mp then Mp! (rk-2-rk+l). But if Mpl (sk+l-
Mpl (r~-2-rk+l) then Mp I (sk+l -rk+l). Therefore 
for all natural number k. 
Thus, instead of checking if Mplsp-l it will be 
sufficient to check if Mplrp-l• Since rk+l 
in order to calculate rp-l one has to calculate each 
remainder by squaring the previous remainder then 
subtracting 2 and finally dividing this number by Mp to 
obtain the remainder. This process will need to be completed 
p-2 times. The large computers that exist today are able 
to carry out the described calculation for primes pinto the 
3D 
tens of thousands [1~. 
In 1975, Brillhart, Lehmer, and Selfridge, expanded on 
th i s idea of L u c a s sequences for Mersenne numbers and 
develope d mor e generalized Lucas sequences. With the 
a ss i s ta nc e of pa r t i a ll y fac t oring N-1 o r N+l (o r eve n 
better, both) and then applying generalized Lucas sequences, 
t hese men developed a vastly improved prirnality test for 
numbers of the form 2n+1 [2] . 
5.2. Large composite Fermat 
numbers 
Although there are no Fermat primes greater than F 4 
k nown to this date, there is an extremely large number, 
F 1 9 45 , tha t h as been shown to be composite. 
This number is 
t oo l a rge (more than 10 582 digits) to test for primality 
using a ny simple algorithms, however, there is a theorem 
that can be applied in order to help us determine that 
5*2 1947 +1 divides F1945 . 
The theorem states: any divisor of the number Fn, 
where n is an integer greater than l, is of the form 
(2n+ 2 )k+l, where k is a natural number. 
A lemma is used in the proof of this theorem. 
Lemma: if a is an even integer, n is a natural number, 
n 
and p is a prime such that Pl (a 2 +l), then p = (2n+l) k+l, 
where k is a natural number. 
n n n 
Proof: since Pl (a 2 +l) then we can ' see Pl (a 2 +l) (a 2 -1) 
n+l n 
which implies Pl (a 2 -1). However, p,t(a 2 -1) because if 
n n n n 
Pl (a 2 +l) and Pl (a 2 -1) then Pl (a 2 +l-(a 2 -1)) which shows 
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n 
Pl 2 and since p is prime, p = 2. But, Pl (a 2 +1) implies 
that (p,a) = 1 and a is even. Now let d be the smallest 
n+l 
number such that ad;;: 1 (mod p). Since Pl (a 2 -1) we know 
d 12n+l. Also a cannnot be less than or equal to 2n because 
n 
i f d! 2n th e n a 2 - 1 = a dk_l, whi c h c a n b e writt en ( ad )k-: 
n = 0 (mod p) and implies that Pl a 2 -1. Therefore, a= 2n+l. 
By Fermat's Theorem, Pl (aP- 1 -1) so dl {p-1) which implies 
2n+l I (p-1). Consequently, p = (2n+l) k+l. 
Now we can 
n 
1 emma if p I ( 2 2 + 1) 
prove the theorem. From the previous 
then d = 2n+l. Also, from the theore~ 
proven, pis of the form {2n+l)t+l where t is a natural 
number. Consequently, if n > 1 then p = (2n+l)t+l = 
(2 2 +m+l) t+l, (m ~ 0) which is equal to 2 3 +m+l = (2 3 ) 2mt+l = 
8k+l where k = 2mt. 
From a theorem of quadratic residues, 2 is a quadratic 
residue of primes of the form 8k+l (k is a natural number), 
therefore, ( ~ ) :: 1 = 2(p-l)/ 2 (mod p) which implies 
2<P-l)/2=1 (mod p) and so PIM(p-l)/ 2 • The symbol ( ~) is 
called the Legendre symbol. (For more information on 
Legendre symbols, see Chapter 6). But since 2n+l is the 
smallest exponent such that ad= 1 (mod p) we know that 
2n+ll (p-1)/2. Thus 2n+ 2 1 (p-1) and p = (2n+ 2 )k+l where k is 
a natural number. 
We now begin the investigation for prime divisors. Let 
k = l; 21 947 +1 is obtained which from the previous 
discussion is not prime since 1947 is not a power of 2. 
Next, fork= 2, we obtain 2 1948 +1 = (2 4 ) 487 +l which shows 
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that it is divisible by 2 4 +1 (also, 1948 is not a power of 
2). Fork= 3 we get 3*2 1947 +l which is divisible by 5 (2
4 
;; 1 (mod 5) so 
thus it is composite. For k=4 we obtain 2 1949 +1 which is 
composi te since 1949 is not a power cf 2. now k = 5 must be 
tried; 5*2 1947 +1 cannot be shown to be composite so e asily, 
so this is the first number that must be checked to 
determine if it divides F 1945 . Regular division is 
impractical with these numbers, so a technique, simil a r to 
the one that makes Lucas sequences workable, will be used. 
Instead of checking to determine if for some m, mjF1945 it 
can be shown that it is sufficient to determine if 
m I (r 1945 +1) where r 1945 is a t e rm in a given sequ e nce {rk} 
de fin e d by r 1 = 4 a.nd rk+l =. r 1~ (mo d m) ( i e . the r e!na inder 
left after r~ is divided by m). Once again it can be shown 
by induction that 
(3) 
for any natural number k. The proof is very similar to the 
last induction proof for Lucas sequences and will therefore 
not be given here. 
Now, for our purposes,let k = 1945, by (3) mj (F1945-
r 1 9 4 5 -1) from w h i ch
 i t f o 11 ow s that F 1 9 4 5 i s con g rue n t to 
r 194 5 + 1 (mod m) • Consequently 
to establish if F 1945 is 
divisible by m, it is sufficient to determine whether 
r 1945 +1 is divisible by m. Computer
s twenty years ago were 
able to do this problem and found that F 1945 is divisible by 
5*2 1947 +1 and so F1945 is a composite number. Similar 
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reasoning has been used to establish many of the Fermat 
numbers as composite numbers [1~. However, some Fermat 
numbers such as F 7 are not well suited for this procedure; 
consequ e ntly, other methods have been d eveloped to deal with 
t h e s e n um b e r s [1 ~ . In th e Mar ch 1 97 1 Bu l let i n o f th e 
American Mathematical Society (page 264), Michael Morrison and 
John Brillhart stated: 
"Employing the continued fraction expansion of the 
square root of a multiple of the se v enth Fermat number, 
2 +l the following complete decomposition was discovered on 
the IBM 360 / 91 at UCLA. 
340282366920938463463374607431768211457 = 
5 9 6 4 9 5 8 912 7 4 9 7 21 7 * 5 7 0 4 6 8 9 2 0 0 6 8 51 2 9 0 5 4 7 21 II [1 1] 
J4 
6. OTHER PRIMALITY ALGORITHMS 
Since there has been quite a bit of activity recently 
regarding prime number testing it seems appropriate t o 
briefly mention some of the more publicized algorithms. 
Mos t of the algorithms that will be discussed either use the 
contrapositive form of Fermat's theorem or ideas closely 
rel at ed to it called pseudoprime tests. The last algorithm 
to be mentioned is the fastest to date; it makes use of som e 
rather complex ideas from algebraic number theory. 
There is of course th e simple test using Fermat's 
theorem. It has already been noted that this is really a 
comp ositeness test since i t does not give co nclusi ve r e sults 
if the number is prime . An algorithm similar to the program 
give n in Appendix D is a polynomial time procedure, takin g 
O(log 3n) computational bits [1~. 
There have been several improvements made in algorithms 
based upon Fermat's theorem. One such test is to use 
a(n-l)/ 2 instead of an-l. If a is an odd composite number 
such that: 
a (n-l) 12 -= ( ~ ) mod n = +l (mod n) ( 4) 
then n is called an Euler pseudoprime to base a. The symbol 
( ~ ) mod n is called the Jacobi symbol. In order to define 
this symbol, two other definitions must be given. 
For all b such that (b,m) = 1, b is called a 
"quadratic residue" modulo m if the congruence x
2 _ 
b (mod m) has a solution. If it has no solution 
JS 
then bis called a "quadratic nonresidue" modulo m. 
If Pi denotes an odd prime and (a,pi) - 1, the 
Legendre s y mbo l ( -.£..) is defined to be 1 if a is P. 
1 
a quadratic residue, -1 if a is a quadratic 
nonresidue modulo 
Now the Jacobi symbol can be defined. 
Let (a,n) = 1, n > O, n odd, so that n = PiP2P3 ••• 
Ps where the Pi's are all primes, not necessarily 
distinct. Then the Jacobi symbol 
s 
( ~ ) = J I 
,.._= I




where ( _g_) p. 
1 
( _£_) n is defined by 
is the Legendre 
Euler's lemmma states that when n is an odd prime then 
(4) is true [3]. This analysis is referred to as Euler's 
test. Euler's test is an improvement over Fermat's since 
if n is composite, (4) will fail for at least half of the 
natural numbers less than n [14]. However, even if Fermat's 
test is replaced with Euler's test the algorithm will still 
be a test for compositeness and will not be able to conclude 
that a number is prime unless half of the natural numbers 
less than n are used as bases. Solovay and Strassen made 
this test the basis for their Monte-Car lo algorithm. They 
observed that after checking (4) fork random a's one could 
declare n prime with probability of error less than (l/2)k. 
The computational time is comparable to the simple Fermat 
test. 
The next algorithm makes use of an even stronger 
criterion in testing. An odd composite number n (with n-1 = 
d*2s, d odd) is a "strong pseudoprime" to base a (spsp(a)) 
if either: 
(i) ad = 1 ( mod n) or 
( i i) -1 (mod n) for some r in 0 < r < s. 
Gary Miller was the first to de v elop an algorithm using 
this criterion. A strong pseudoprime test takes no more 
time than the pseudoprime or Euler pseudoprime test and so 
it takes O(log 3n) bit operations [14]. Unfortunately there 
are infinitely many strong pseudoprimes to any base a. 
Therefore, this test is only a compositeness te st also. 
The next test, although it will only test numbers less 
than 25*10 9 , will determine if a number is prime or 
composite. The basic idea is to: 
1. Check whether n is a spsp(2). 
composite. 
2. Check whether n is a spsp(3). 
composite. 
3. Check whether n is a spsp(5). 
composite. 
4. Check whether n is a spsp(7). 
composite. 
5. Check whether n is a spsp(ll). 
composite. 
6. Declare the number to be prime. 
If not, n is 
If not, n is 
If not, n is 
If not, n is 
If not, n is 
No number below 25*10 9 is a strong pseudoprime to all five 
bases and interesting enough only 3,215,031,751 is a strong 
pseudoprime to the first four. Thus, another program could 
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consist of the first fo ur steps and then check to see if the 
number being tested is 3,215,031,751, if not, and all four 
steps are satisfied, then the number must be prime [1~. 
These two programs would constitute "proofs by exhaustion.
11 
There is another algorithm which combines checking for 
strong pseudoprimes and using Lucas sequences. When P and Q 
are integers such that D = P 2 -4Q t O, define the Lucas 
sequence {Uk} with parameters D,P, and Q by Uk=(ak-bk) /(a -b) 
k > O, where a and bare the two roots of x 2 +Px+Q = 0. Now 
Fermat's "little" theorem has an analog for Lucas sequences: 
If p is an odd prime, pfQ, and the Jacobi symbol ( ~) = -1 
then PIUp+l· An odd composite number that satisfies this 
criterion is called a Lucas pseudoprime (lpsp) with 
parameters D, P, and Q. Two methods of choosing D, P, and Q 
that are commonly used are as follows: 
A. Let D be the first element of the sequence 
5,-7,9,-11,13, •.• for which ( g) = -1. Let P = 
1 and Q = (l-D)/4. 
B. Let D be the least element of the sequence 
5,9,13, ••• for which ( _Q_) n = -1. Let P be the 
least odd number exceeding n 112 and let Q = 
There is a useful definit/2.on made by Pomerance, 
Selfridge, and Wagstaff in their article "The Pseudoprimes 
to 25*10 9 ." A probable prime to base a is any odd number 
greater than 1 for which (1) is satisfied. Furthermore, 
there are Euler probable primes (eprp), strong probable 
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primes {sprp), and Luca s probable primes {lprp). These are 
odd numbers greater than 1 which satisfy the respective 
criteria , but they may be prime or they may be composite. 
With these definitions in mind the actual test is as 
follows: 
1. Check whether n is a sprp{2). If not , then n is 
composite. 
2. Check whether n is an lprp for algorithm A (or 
B). If not, then n is composite. Otherwise n 
i s pr i rn e [16] • 
The authors mentioned above make the statement that 
this primality test is faster than Gary Miller's by a factor 
of (ln n) on the average when n i s prime; when n is 
composite the tests a re about the same. Th e authors also 
make the remark that this algorithm is still under a trial 
basis and have offered a prize to the first person who 
either finds a number for which it does not work, or shows 
th a t th i s i s a v a 1 id a 1 go r i th m [1 6] . 
The newest and fastest primality test was developed in 
1980 by Leonard M. Adleman and , Robert S. Rumely. This test 
radically altered the efficiency for prime number testing 
with large numbers having no special form ~~- Adleman, 
Rumely, and Pomerance have concluded that the algorithm will 
determine whether a number is prime or composite in "nearly" 
polynomial time D-'U. This algorithm also has the feature of 
being able to extract extra information from a pseudoprime 
test other than just "pass" or "fail". Then this extra 
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information is used to prove primality. However, with the 
efficiency of the algorithm also comes complexity. Its 
details require a technical understanding of algebraic 
number theory concepts such as Gauss and Jacobi sums, 
cyclotomic extensions of the rational numbers, quadratic and 
higher reciprocity laws, and knowledge of rings and fields. 
The algorithm depends on arithmetic in cyclotomic fields and 
is based on the discovery that for any n there is a 
collection of strong pseudo-primality tests such that if n 
passes all th~ tests, the structure of ' its possible divisors 
is limited and lies in a small, explicitly given set. This 
concept forms the basis for their "Extraction Lemma." They 
have also developed a new way of linking information from 
different tests using the power reciprocity laws and 
auxiliary moduli to carry information between fields. The 
running time for large n has a bound of (log n)clogloglog n, 
where c is a positive constant [1]~ 
New excitement seems to be stirred up over this latest 
primality test. Carl Pomerance has combined with Adleman 
and Rumely to improve upon the algorithm. In January of 
1983, these three men announced in a paper, [1], that 
Hendrik Lensta and Henri Cohen have extended and recast 
these results and obtained practical improvements for 
computer implementation. 
Recent developments 
greatly stimulated by 
in primality testing have been 
the possible applications in 
cryptography, the study of secure communications [31]. The 
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ability to determine large prime numbers and the inability 
to f a ctor them rapi d ly has proven useful in developing what 
a re cal l ed public - ke y s ys tem s. Ri ve s t , Sh a mir, a nd Adlenian 
h a ve design e d suc h a system called the RSA system. It 
involve s choosing t wo l a r ge ra nd o m p ri me num be rs th e n 
mult i pl yi ng the se to ge t h er to ob ta in a p roduc t wi th a b ou t 
twice as many digits as either prime. This number will be 
i mpossibl e to factor with the methods a n d computers 
av a i la b le t oday so t h is product c a n be made public without 
l oss of security [s]. 
At this p oint it is not our desire to discuss in 
d et a il public-key cryptography , but rather, only to ma ke 
t h e r ea de r awa r e that th e r e a r e practical r ea s o ns for 
co nti nu ing the i nv esti ga tion of p r ime n umbers and rri me 
num b er testing. Furt her inform at ion about cryptogr aph y can 
be found in [s] and [21] • 
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7. CONCLUSION 
The question whether a particular number is prime or 
not is rather elementary, yet the methods or means of 
d iscover i ng if i t is prime or compos i te ma y not be so 
elementary, especially for large numbers. As has been 
discussed, there have been simple algorithms developed, some 
of which test for primality while others actually only test 
for compositeness. In the past five to six years more 
complex algorithms have been developed which are more 
efficient and when used on large fast computers have allowed 
much larger numbers to be tested for primality. However, 
even the simple algorithms, though instructive to study, 
h av e serious limitations for implementation on 
microcomputers when the number tested has more than 40 
digits. 
With the availability of small or personal computers, 
there are many possible problems in number theory to entice 
students. Examining numbers of a particular form could 
catch the interest of many students. Also, writing programs 
to do trial division or even better, programs based upon 
Fermat's theorem or Euler's criteria can be good learning 
experiences in beginning programming as well as providing an 
excellent opportunity to learn more about number theory. 
For students whose interest has been stimulated, some of the 
other algorithms mentioned in this paper can be use as a 
basis for programs in prime number testing. 
Table 1. "Russian Peasant Method" for prime number testing 
Number tested IBaselRunningl N
umber of I Not !Prob.! 
used time* multiplications prime prime! 
997 
997 
2 .83 + 16 X 






































































































+ Each number was tested on a Tele-Video 802, using the 
same software. However, different machines were used in 
the actual testing. This may have caused some 
inconsistent results. (See table 3). 
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Table 2. "Powers of Two Method" for prime number testing 
Number tested I Basel Running I Number of I Not I Prob. 1 
used time* multiplications prime prime! 
997 2 .9 + 14 X 
997 3 . 7 7 14 X 
9997 2 1.12 16 X 
9997 3 1.28 18 X 
99997 2 3.0 23 X 
99997 3 3.0 23 X 
999997 2 5.22 28 X 
999997 3 5.25 28 X 
9999997 2 9 33 X 
9999997 3 8 34 X 
99999997 2 13 42 X 
99999997 3 15 42 X 
999999997 2 21 47 X 
999999997 3 17 47 X 
1999999997 3 22 49 X 
2147483647 2 1.5 48 X 
2147483647 3 27 59 X 
9999999997 2 27 49 X 
9999999997 3 25 49 X 
99999999997 3 38 58 X 
999999999997 3 50 60 X 
9999999999997 3 67 66 X 
99999999999997 3 87 73 X 
999999999999997 2 107 80 X 
999999999999997 3 113 80 X 
999999999999999 
99997 3 290 108 X 
999999999999999 
9999999997 3 697 122 X 
999999999999999 
999999999999997 3 1387 162 X 
* Time given in minutes. 
+ See table 1 for explanation. 
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Table 3. Comparison of 10-digit numbers using the "Russian 
Peasant Method" 
IBa se
j Runningl Number of J Not I Prob.I 
________ __._u_s_e_d _ __ l Time *!Multiplicat i ons 1 Prime Prime! 
Numb e r Tested 
1999999997 
1999999997 







































































































L. M. Adleman, C. Pomerance, R. S. Rumely, On 
distiguishing prime numbers from composite numbers, 
Annuals of Mathematics 117 (1983) 173-206 . 
J. Brillhart, D. H. Lehmer, J. L. Selfridge, New 
primality criteria a nd factorization of2m+l, 
Mathem atics of Computation 29, 130 (1975) 620-647 . 
L. Childs, A Concrete Introduction to Higher Algebra 
(Springer-Verlag, New York, 1979). 
[~ H. M. Edwards, Fermat's Last Theorem (Springer-Verlag, 
New York, 1977) 19-25. 
[s] H. M. Edwards, Fermat's last theorem, Scientific 
American 239, 4 (1978) 104-122. 
[6] Euclid, Elements (T. L. Heath, editor) (Cambridge Univ. 
Press, New York, 1908). 
J. Gilbreath, Eratosthenes revisited, BYTE Publications 
Inc. 8, 1 (1983) 283-324. 
45 
M. E. Hellman, The mathematics of public-key crytography, 
Scientific American 241, 2 (1979) 146-157. 
[1oJ 
[1iJ 
D. H. Lehmer, On the ,converse of Fermat's theorem, 
American Mathematical Monthly 56 (1949) 300-309. 
M. A. Morrison, A note on prirnality testing using Lucas 
sequences, Mathematics of Computation 29, 129 (1975) 
181-182. 
M. A. Morrison, J. Brillhart, The factorization of F7 , 
Bu 11. Arner • Ma th. So c . 7 7 , 2 ( 1 9 7 1 ) 2 6 4 . 
M. A. Morrison, J. Brillhart, A method of factoring and 
the factorization of F7 , Mathematics of Computation
 
29, 129 (1975) 183-205. 
[1~ I. Niven, A. s. Zuckerman, The Theory of Numbers (John 
Wiley and Sons, New York, 1980). 
[15] 
C. Pomerance, Recent developments in primality testing, 
The Mathematical Intelligencer 3, 3 (1981) 97-105. 
C. Pomerance, The search for prime numbers, Scientific 
American 247, 6 (1983) 136-147. 
C. Pomerance, J. L. Selfridge, s. S. Wagstaff, The 
pseudoprimes to 25*10 9 , Mathematics of Computation 
35, 151 (1980) 1003-1026. 
!}.7] R. M. Robinson, Mersenne and Fermat numbers, Proc. 
Arner. Math. Soc. 5 (1954) 842-84 6 . 
[18] R. M. Robinson, A report on primes of the form k*2n+l 
and on factors of Fermat numbers, Proc. Arner. Math. 
Soc. 9 (1958) 673-681. 
[19] Sier .pinski, El ementa r y Theo r y of Numb ers, (Mono grafie 
Matematyczne 42, Warszawa, 1964). 
46 
[2~ Sierpinski, Problems in the Theory of Numbers, (Pergamon, 
Warszawa, 1964). 
[2]_J J. Smith, Public key cryptography, BYTE Publications 
Inc. 8 , 1 ( 19 8 3) 1 9 8 - 218. 
47 
APPENDIXES 
Appendix A. Program based on 
Fermat's theorem 
48 
10 ' TEST WHETHER A NUMBER HAVING 8 DIGITS OF LESS IS PRIME 
20 ' TEST BASED UPON FERMAT'S THEOREM 
30 I 
40 DEFDBL N,P,A,M 
50 ' 
60 ' GET A NUMBER TO BE TESTED. CHECK THE SIZE. 
70 I 
80 PRINT 
90 INPUT "ENTER THE NUMBER TO BE TESTED";N 
100 IF N=l OR N=2 THEN PRINT "TRY ANOTHER NUMBER": GOTO 90 
110 IF N>999999999 THEN PRINT " TOO BIG": GOTO 80 
120 I 
130 ' DETERMINE IF N IS PRIME. 
140 I 
150 INPUT "ENTER THE BASE TO BE USED";A 
160 GOSUB 280 
170 PRINT: PRINT 
180 I 
190 ' DECISION MADE 
200 ' 
210 IF M=l THEN PRINT N; "IS PROBABLY PRIME." 
220 IF M<>l THEN PRINT N; "IS NOT PRIME." 
230 ' 
240 GO TO 80 
2 50 ' 
260 ' SUBROUTINE. COMPUTES M={AA(N-1)} MOD N. 
2 70 ' 
280 M=l: P=N-1 
2.90 IF P/ 2=INT(P / 2) GOTO 310 
300 M=M*A: M=M-INT(M/N)*N 
3 10 A=A*A: A=A-INT(A/N)*N 
320 P=INT(P/2): IF P>0 THEN GOTO 290 
3 30 RETURN 
Appendix B. Program using 
ten bases-
49 
10 'TEST WHETHER A NUMBER HAVING 8 DIGITS OR LESS IS PRIME. 
20 'TEST BASED ON FERMAT'S THEOREM 
30 I 
40 DEFDBL N,P,A,M 
50 I 
60 1 GET A NUMBER TO BE TESTED. CHECK THE SIZE. 
70 I 
80 PRINT 
90 INPUT "ENTER NUMBER TO BE TESTED";N 
100 IF N=l OR N=2 THEN PRINT "TRY ANOTHER NUMBER":GOTO 90 
110 IF N>99999999 THEN PRINT "TOO BIG": GOTO 80 
120 I 
130 'DETERMINE IF N IS PRIME. 
140 1 
150 INPUT "ENTER BASE TO BE USED";A 
160 GOSUB 290 
180 PRINT:PRINT 
190 1 
200 'DECISION MADE 
210 I 
220 IF M=l THEN PRINT N;"IS PROBABLY PRIME." 
230 IF M<> l THEN PRINT N; "IS NOT PRIME." 
240 I 
250 GOTO 80 
260 I 
270 ' SUBROUTINE. COMPUTE M={AA(N-1) } MOD N. 
280 I 
290 M=l : P=N-1 
300 IF P/2=INT(P / 2) GOTO 320 
310 M=M*A:M=M-INT(M/N)*N 
320 A=A*A:A=A-INT(A / N)*N 
330 P=INT(P/2): IF P>O THEN GOTO 300 
340 RETURN 
Appendix c. Program for large numbers 
"Russian Peasant Method" 
50 I 
60 '*** PRIMALITY PROGRAM USING RUSSIAN PEASANT METHOD*** 
70 ' 
75 DIM H$ (128) ,Hl$ (128) 
100 INPUT "NUMBER TO BE TESTED";N$ 
200 INPUT "BASE TO BE USED";B 
201 I 
202 ' *** COMPUTE AA(N-1)$ MOD N$ *** 
203 I 
205 LN=LEN(N$) 




250 DD$=LEFT$(N$,LN-l) + RIGHT$(STR$(VAL(RIGHT$(N$,l))-l),l) 
255 S$=DD$ 
260 P=VAL(RIGHT$(DD$,l)) 
270 IF P/2 > INT(P / 2) THEN GOTO 3025 
970 I 
980 ' *** SQUARING PROCEDURE: B$=B$*B$ *** 
1000 T$= 11":Cl=0: TB$="" 
1010 L=LEN(B$) 
1015 IF L=l THEN R=VAL(B$)*VAL(B$): 
B$=MID$(STR$(R),2,LEN(STR$(R))-l) :GOTO 1400 
1020 FOR I=L TO 1 STEP -1 
1030 C=0 
1 0 4 0 H $ ( L - I + l ) = 1111 
1050 M=VAL(MID$(B$,I,l)) 




1100 IF N>=l0 THEN 
C=VAL(MID$(Nl$,2,l)) :T$=RIGHT$(Nl$,l): GOTO 1115 
1110 T$=MID$(Nl$,2,l):C=0 
1115 H$ (L-I+l) =T$ + H$ (L-I+l) 
1120 NEXT J 
1130 IF C<>0 THEN C$=MID$(STR$(C),2,l):H$(L-I+l)=C$ + 
H$(L-I+l) 
1140 NEXT I 
1150 IF LEN(H$(L))=l THEN B$=H$(L): GOTO 1390 
1155 IF VAL (H$ (L)) =0 THEN H$ (L) ="0" 
1160 I 
1170 ' *** ADDITION OF THE ROWS OBTAINED IN SQUARING B$ *** 
1180 FOR I=L TO 1 STEP -1 
1190 H$ {I) =H$ (I) +STRING$(I-l, 11 0 11) 
1200 NEXT I 
1210 Ll=LEN(H$(L)) 
1220 FOR I=L-1 TO 1 STEP -1 
1230 Z$=STRING$ (Ll-LEN(H$(I)) ,"0") + H$(I) 
1240 H$ (I) =Z$ 
51 
1250 NEX"-' I 
1260 FOR I=Ll TO 1 STEP -1 
1270 FOR J=l TO L 
1280 Nl=VAL(MID$(H$(J),I,l)) + Nl 
1290 NEXT J 
1300 Nl =Nl + Cl 
1310 N2$=STR$(Nl) 
1320 IF Nl>=lO THEN Cl=VAL(MID$(N2$,2,LEN(N2S)-2)): 
Tl$=RIGHT$(N2S,l) :GO _TO 1340 
1330 Tl.S=MID$(N2S,2,l) :Cl=O 
1340 TB$=Tl$+TB$ 
1350 Nl=O 
1360 NEXT I 
1370 Cl$=STR$(Cl) 
1380 IF Cl>O THEN TB$=MID$(Cl$,2,LEN(ClS)-l) + 7BS 
1390 IF (LEN(TB$)>LEN(N$)) OR (LEN(TB$)=LE N(NS) AND TBS>N$) 
THEN H$=TB$: GOSUB 5030:BS=H$:GOTO 1400 
1395 B$=TB$ 
1400 PRINT "BS=";B$ 
1410 ' 
1420 ' *** DIVISION BY TWO*** 
14 3 0 ' 
1440 Q$="":D=O 
1450 LQ=LEN(DD$) 
1460 FOR I=l TO LQ 
1470 J=l 
1.:180 T=VAL(MID$(0D$,I,J)) + D 
1490 IF I=l AND T<2 THEN T=VAL(MID$(DD$,I,2)) + D: I =I+ l : 
GOTO 1520 
1500 IF I=LQ AND T<2 THEN Q$ =Q$+ "0":GOTO 1590 
1510 IF T<2 THEN Q$=Q$+"0":T=VAL(MID$(DD$,I,2))+D:I=I+l 
1520 FORK= 1 TO 9 
1530 IF 2*K>=T THEN GOTO 1550 
1540 NEXT K 
1550 IF 2*K>T THEN K=K-1 
1560 Q$= Q$ + MID$ (STR$ (K) ,2 ,1) 
1570 D=(T-2*K)*l0 
1580 NEXT I 
1590 PRINT "Q$=";Q$ 
1600 DD$=Q$ 
1605 FF=FF+l 
1610 IF VAL(DD$)>0 THEN GOTO 260 
1620 PRINT B;" "" ";S$;" = ";M$;" MOD ";N$ 
1630 PRINT 
1640 IF VAL(M$)<>1 THEN PRINT N$;" IS NOT PRIME" ELSE PRINT 
N$;" IS PROBABLY PRIME" 
1642 PRINT 
1645 PRINT "NUMBER OF MULTIPLICATIONS";FF+GG 
1650 END 
3000 I 
3010 '*** MULTIPLYING M$ AND 8$ TOGETHER: M$=M$*B$ *** 
3 0 2 0 I 




3060 FOR I=L3 TO 1 STEP-1 
3070 Hl$(L3-I+l)="" 
3080 C=O 
3090 M=VAL(MID$(MS ,I, l)) 
3100 FOR J=L4 TO 1 STEP-1 
3110 N=VAL(MID$(B$,J,l))*M 
3120 N=N+C 
3130 IF N> = 10 THel 
C=VAL(MID$ (STR$ ( N) , 2,1)) :T S=RIGHT$(STR$(N) ,1) : GOTO 3150 
3140 T$=MIDS(STR$(N) ,2,1) :C= O 
3150 Hl$(L3-I+l)=T$+Hl$(L3-I+l) 
3160 NEXT J 
3170 IF C<>O THEN C$ = MID$(STR$(C) ,2,l ) : 
Hl$(L3 -I+l)=C$+Hl $(L3 -I+l) 
3180 NEXT I 
52 
3190 IF LEN(Hl$(L3))=l .?,,NO LEN(M$)<=LEN(B$) THEN H$=HlS(L3): 
GOTO 3410 
3200 FOR I=L3 TO 2 STEP -1 
3210 Hl$(I)=Hl$(I)+STRING$(I-1,"0") 
3220 NEXT I 
3 2 2 2 I 
3225' *** ADDITION OF THE ROWS OBTAINED IN MULTIPLICATION 
3230 L5=LEN(H1$(L3)) 
3240 FCR I=L3-1 TO l STEP -1 
3250 A$=STRINGS( LS-L EN(Hl$ (I)) ," O") +HlS (1) 
3260 Hl$(I)=A$ 
3270 NEXT I 
328 0 FOR I=LS TO 1 STEP -1 
329 0 FOR J=l TO L3 
330 0 N2=VAL(MID$(Hl$(J),I,l)) + N2 
331 0 NEXT J 
3320 N2=N2+Cl 
333 0 N2$=STR$(N2) 
3340 IF N2>=10 THEN Cl=VAL(MID$(N2$,2,LEN(N2$)-2)): 
Tl$=RIGHT$ (N2$ ,1): GOTO 3360 
3350 Tl$=MID$(N2$,2,l) :Cl=O 
336 0 H$=Tl$+H$ 
3370 N2=0 
3380 NEXT I 
3390 Cl$=STR$(Cl) 
3400 IF Cl>O THEN HS=MID$(Cl$,2,LEN(Cl$)-l)+H$ 
3410 IF (LEN(H$)>LEN(N$)) OR (LEN(H$)=LEN(N$) AND H$>=N$) 
THEN GOSUB 5030 
3420 M$=HS 
3425 IF VAL(M$)=0 THEN M$="0" 
3428 GG=GG+l 
3430 GOTO 1000 
5 0 00 I 
5010 ' *** SUBROUTINE TO DETERMINE A NUMBER MOD N$ *** 























LL=LEN ( W$) 
IF (L2<LL) OR (L2=LL AND W$ >H$) THEN GOTO 5220 
WS=v;$+S'I'RING$(L2-LL, " ") 
IF WS>H$ THEN W$ =" " + LEFT$(WS,L2-l) 
FOR I=L2 TO 1 STEP -1 
!Jl =V AL( MID$(HS ,I, l)) + C 
C2=VAL(MID$(WS ,I, l)) 
IF Dl> = D2 THCN C= 0 E L SE Dl = D1 +1 0 : C =- l 








Appendix D. Program for large numbers 
"Powers ofTwo Method" 
25 I 
30 '*** PRIMALITY TEST USING POWERS OF 2 *** 
35 I 
50 DEFINT A-Z 
75 ' *** LINES 100-600 PLACE THE FIRST 200 POWERS OF 2 INTO 
ARRAY P$ ( ) *** 
1 0 0 D I M P $ ( 2 0 .1 ) , R $ ( 2 0 l ) , H $ ( 2 0 1 ) , H l $ ( 2 0 1 ) 
200 OPEN "I",l,"POWERS2" 
300 FOR F=O TO 200 
400 INPUT#l,P$(F) 
500 NEXT F 
600 CLOSE 
700 INPUT "WHAT IS THE NUMBER TO BE TESTED· FOR PRIMALITY";N$ 
750' *** LINES 800-1600 DETERMINE THE LARGEST POWER OF 2 
USED, SO THAT THE REMAINDERS OF BA(N-1)$ WILL BE DETERMINED 
ONLY AS FAR AS NECESSARY*** 
755' *** N$ IS THE NUMBER BEING TESTED FOR PRIMALITY; BIS 
THE BASE TO BE INPUTED IN LINE 1900 *** 
760 LN= LEN(N$) 
765 IF VAL(RIGHT$(N$,l))=O THEN PRINT N$;" IS NOT PRIME":END 
770 S$=LEFT$(N$,LN-l) + RIGHT$(STR$(VAL(RIGHT$(N$,l))-l) ,1) 
780 W$=S$ 
900 L3=LEN (W$) 
1000 FOR F=O TO 200 
1100 L4=LEN(P$(F)) 
1200 IF (L4<L3) OR (L4=L3 AND W$>P$(F))THEN NEXT F 
1400 IF W$<>P$(F) THEN F=F-1 
1600 PRINT "P$(";F;")=";P$(F) 
1700 GG=F 
54 
1800 ' *** LINES 1900-3500 EVALUATE THE REMAINDERS,(MOD N$), 
OF B TO EACH POWER OF 2 UP TO THE LARGEST POWER OF 2 USED * * * 
1900 INPUT "WHAT IS THE BASE TO BE USED IN THE EVALUATION OF 
BA(N-1)$ MOD N$";B 
2000 R$(0)=STR$(B) :Q=LEN(R$(0)) 
2100 R$(0)=MID$ (R$ (0) ,2,Q-1) 
2300 FOR K=l TO F 
2400 T=K:H$(T-l)=R$(K-l) 
2500 GOSUB 10000 
2600 R$ (K) =H$ (T) 
2800 IF (LEN(R$(K))>LEN(N$))0R (LEN(R$(K))=LEN(N$) AND 
R$(K)>N$) THEN T=K:H$(T)=R$(K) :GOSUB 15000 
3000 R$(K)=H$(T) 
3100 PRINT "R$(";K;")=";R$(K) 
3500 NEXT K 
3550 ' *** LINES 4000-4800,5100-6300 DETERMINE THE POWERS OF 
2 THAT ADD UPTON$ (WORKING FROM LARGEST TO SMALLEST) *** 
4000 Wl$=S$:R=O:Cl=O 
4100 L3=LEN(Wl$) 
4200 FOR F=O TO 200 
4300 L4=LEN(P$(F)) 
4400 IF (L4<L3) OR (L4=L3 AND Wl$>P$(F))THEN NEXT F 
4600 IF Wl$<>P$(F) THEN F=F-1 
4800 PRINT "P$(";F;")=";P$(F) ,"R$(";F;")=";R$(F) 
4900 ' *** LINES 5000-5050 DETERMINE THE PRODUCT OF THE 
REMAINDERS WHICH ARE USED*** 
50 00 IF R=0 THEN P$=R$(F) ELSE GOSUB ]8000 
5050 R=l 
5100 IF LEN(Wl$)>LEN(P$(F)) THEN Cl$=STRING$(L3-
LEN(P$(F)) ,"O") +P$(F) ELSE Cl$=P$(F) 
5 2 0 0 D l S = '"' : Cl = 0 
53 0 0 FOR I=L3 TO l STEP -1 
5 400 Vl=V~.L(MID$(WlS,I,l))+Cl 
5500 V2=VAL(MIDS(Cl$,I,l)) 
5600 IF Vl>=V2 THEN Cl=O ELSE Vl=Vl+lO:Cl=-1 
5800 D1$=RIGHT$(STR$(Vl-V2) ,l)+D1$ 
5900 NEXT I 
6000 IF D1$=STRING$(L3,"0") THEN GCTO 6375 
6100 Wl$=01$ 
6200 IF LEFT$(Wl$,l)="O" THEN Wl$=RIGHT$(Wl$,LEN(Wl$)-
1) :GOTO 6200 
6300 GOTO 4100 
6350 ' *** LINES 6400-6490 DO THE ANALYSIS OF WHETHER N$ rs 
NOT PRIME OR IS PROBABLY PRIME*** 
6375 PRINT 
6420 PRINT B;" "' ";S$;" = ";R$;" MOD ";N$ 
6425 PRINT 
6430 IF VAL(R$)<>1 THEN PRINT MS;" IS NOT PRIME" ELSE PFINT 
N$;" IS PROBABLY PRIME" 
6433 END 
9900 I 




10200 FOR I=L TO l STEP -1 
10300 C=O 
10400 Hl$(L-I+l)='"' 
10500 M=VAL(MID$(H$(T-l) ,I,l)) 
10600 FOR J=L TO 1 STEP -1 
10700 N=VAL(MID$(H$(T-l) ,J,l))*M 
10800 N=N+C 
10900 Nl$=STR$(N) 
11000 IF N>=lO THEN 
C=VAL(MID$(Nl$,2,l)):T$=RIGHT$(Nl$,l) :GOTO 11200 
11100 T$=MID$(Nl$,2,l) :C=O 
11200 Hl$(L-I+l)=T$+Hl$(L-I+l) 
11300 NEXT J 
11400 IF C<>O THEN C$=MID$(STR$(C) ,2,1): 
Hl$(L-I+l)=C$+Hl$(L-I+l) 
11700 NEXT I 
11800 IF LEN(Hl$(L))=l THEN H$(T)=Hl$(L):GOTO 14200 
11850 I 
11900 '*** ADDITION OF THE ROWS OBTAINED IN MULTIPLICATION 
12100 FOR I=L TO 2 STEP -1 
12200 H 1 $ ( I) = H 1 $ ( I) +STRING$ (I -1, "0") 
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12300 NEXT I 
12400 Ll= LEN(H1$(L)) 
12500 FOR I=L-1 TO l STEP -1 
126 0 0 Z $=STRING$ ( L 1- L FN ( H 1 $ (I) ) , "0") + H 1 $ (I) 
12700 HlS(I)=Z$ 
12800 NEXT I 
12900 FOR I=Ll TO 1 STEP -1 
13000 FOR J=l TO L 
13100 Nl =Vl\L(MID$(Hl$(J) ,I, l))+Nl 
13200 NEXT J 
13300 Nl = Nl +Cl 
13400 N2$=STR$ (Nl) 
13500 IF Nl>=lO THEN Cl=VAL(MID$(N2$,2,LEN(N2$)-2)): 
Tl$=RIGHT$(N2$,l):GOTO 13700 
13600 Tl$=MID$(N2$,2,l) :Cl=O 
13700 H$(T)=TlS+HS(T) 
13800 Nl=O 
13900 NEXT I 
14000 Cl$=STR$(Cl) 
14100 IF Cl>O THEN HS (T) =MID$ (Cl$ ,2 ,LEN(Cl$)-l) +HS (T) 
14200 RETURN 
14250 I 







15600 IF (L2<LL) OR (L2=LL AND W$>H$(T)) THEN GOTO 17100 
15800 W$=W$+STRING$(L2-LL," ") 
15900 IF W$>H$(T) THEN W$=" "+LEFT$(W$,L2-l) 
16000 FOR I= L2 TO l STEP -1 
16 l O O D 1 =VAL (MID$ ( H $ ( T) , I , 1) ) + C 
16200 D2=VAL(MID$(W$,I,l)) 
16300 IF Dl>=D2 THEN C=O ELSE Ol=Dl+lO:C=-1 
16500 D$=RIGHT$(STR$(Dl-D2) ,l)+D$ 
16600 NEXT I 
16700 H$ (T) =D$ 
16800 W$=N$ 
16900 IF LEFT$ (H$ (T) ,1) ="O" THEN 
HS(T)=RIGHT$(H$(T),LEN(H$(T))-l): GOTO 16900 




18000 '*** MULTIPLYING REMAINDERS USED TOGETHER: SUBROUTINE 
18025 I 
18050 T$= 1111 :C$="":H$=" 11 
18100 LS=LEN(R$) 
1820 0 L 6 =LEN ( R$ ( F)) 




18700 FOR J=L6 TO 1 STEP -1 
18800 N=VAL(MID$(R$(F) ,J,l))*M 
18900 N=N+C 
19000 IF N>= 10 THEN 
C=VAL(MID$(STR$(N) ,2,l)):T$=RIGHT$(STR$(N),l):GOTO 19200 
19100 T$=MID$(STR$(N),2,l):C=0 
19200 Hl$(L5-I+l)=T$+Hl$(L5-I+l) 
19300 NEXT J 
19400 IF C<>0 THEN C$=MIDS(STR$(C) ,2,1) :HlS(L5-I+l)= 
C$+Hl$(L5-I+l) 
19700 NEXT I 
19800 IF L5=1 THEN R$=Hl$(L5):GOTO 22000 
19900 FOR I=LS TO 2 STEP -1 
20000 Hl$(I)=Hl$(I)+STRING$(I-l,"0") 
20100 NEXT I 
20200 L7=LEN(Hl$(L5)) 
20300 FOR I=LS-1 TO 1 STEP -1 
20400 A$=STRING$(L7-LEN(Hl$(I)) ,"0")+HlS(I) 
20500 Hl$ ( I) =A$ 
20600 NEXT I 
20700 FOR I=L7 TO 1 STEP -1 
20800 FOR J=l TO LS 
20900 Nl=VAL(MID$(Hl$(J) ,I,l))+Nl 
21000 NEXT J 
21100 Nl=Nl+Cl 
21200 Nl$=STR$ (Nl) 





21700 NEXT I 
21800 Cl$=STR$ (Cl) 
21900 IF Cl>0 THEN H$=MID$(Cl$,2,LEN(Cl$)-l)+H$ 
21910 GG=GG+l 
21925 IF(LEN(H$)>LEN(N$)) OR (LEN(H$)=LEN(N$) AND H$>N$) 





Appendix E. Proof of Lucas and 
Lehmer theorem -
Theorem by E. Lucas and D. H. Lehmer: A Mersenne number, 
MP' p being an odd prime, is prime if and only if it is a 
divisor of the (p-1) th term of the sequence s 1 ,s 2 , ••• where 
s1 = 4, 5 k+l = 
2 sk, and k is a natural number. 
Proof: Let a = l+ 3, b = 1-../3 so a+b = 2' a-b = 2 [3 I 
and ab = -2. Define the sequences Un and Vn (where n is a 
natural number) by un = (an-bn) and vn = a 0 +bn. Now the 
( a-b) 
following facts will be used throughout the proof: 
Since 
2uk+j = ukvj+vkuj 
ukvj+vkuj= (ak-bk) (aj+bj) 
( a-b) 
k+' k+' 2a J-2b J = 2uk+j• 
a-b 




(-2)j+luk-j = ujvk - ukvj fork> j (2) 
Since ujvk - ukvj = (aj-bj) (ak+bk) - (ak-bk) (aj+bj) = 
(a-b) (a-b) 
-2 (akbj-ajbk) but for k > j and letting ab = -2 
( a-b) 
-2((ab)jak-j - {ab)jbk-j) 
( a-b) 
= (-2) j+l (ak-j_bk-j) 
( a-b) 
u2k = ukvk 
= (ak-bk) (ak+bk) = a2k_b2k = 
a-b a-b 
= (-2)j+luk . -J 
{ 3) 
v2k = v~ + (-2)k+l (4) 
Since v~ + (-2) k+l = (ak+bk) 2 + (-2) k+l = a 2 k + 2akbk + 
b2k + (- 2 )k+l = a2k + b2k + 2 (_ 2 )k + (- 2 )k+l = a2k + b2k = 
v~ - 12u~ = (-2)k+ 2 ( 5) 
Since v~ - 12u~ = a 2 k + 2(ab)k + b 2 k_ 
59 
12(a 2 k-2(ab)k+b 2 k). But, a-b = 2 3 and ab= -2 thus, the 
(a-b) 2 
e x pression = a 2 k + 2 (-2) k + b 2 k - a 2 k + 2 (- 2 ) k - b 2 k = 
(-2) (-2) k+l = (- 2 ) k+2. 
Since vk vj 
But, a-b = 2 3 
2v k +j = vk vj + 12u k uj ( 6 } 
+ 12ukuj = (ak+bk) (aj+bj) + 12 ( a k -bk) (aj-bj). 
. (i3-b)2 . 
ak+j + akbj +ajbk + bk+J - akbJ - akbJ 
+ bk+j = 2(ak+j+bk+j) = 2vk+j· 
The following definition is now gi v en: 
For an odd prime q we denote by w(q) the least 
natural number n such that q!un (provided it exists}. 
Three lemmas need to be proven i n order to prove the 
sufficient part of the theorem. 
Lemma 1 : An odd prim e q d ivi d e s un, n b ei ng a n atural 
n urn be r i f and on 1 y i f w ( q) I n • 
Proof of Lemma 1: Let q be a given odd prime number and 
let S be the set of natural numbers n such that q!un• If 
two numbers, k and j belong to S (ie. qluk and qlun) then by 
(1) (2uk+j = ukvj - ukvj) we see that k+j belongs to the set 
S. Similarly, fork> j, then by (2) ((-2)j+luk-j = ujvk -
ukvj), k-j belongs to s. Thus we see that the positive sum 
and difference of any two numbers of the set S also belong 
to s. Now let d be the least natural number that belongs to 
S. We can infer that the numbers kd, (k a natural number) 
are ins. Suppose the natural number n belongs to Sand 
that n divided by d leaves a positive remainder r. Thus n = 
td + r, where t is a natural number and r < d. We cannot 
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let t = 0 because n = r < d implies n < d which is a 
contradiction to the assumption that d is the least element 
1 n S . Si nc e t i s a nat ur a l n u mbe r, t his i mpli es t hat td is 
an element of S. But, r = n - td and n > td therefore, 
s ince n and td a r e in S , r must als o b e i n S . Thi s 
contrad i cts th e assumption that d is t h e l ea st el e ment in S 
since r < d. Thus, r = O which means that the set S is just 
t he positive multiples of a number tha t belongs to it. 
Cons e quen t l y, if a number n belongs to S , ql u 0 , then w (q) J n 
since w(q) is the least element in S. Also, if w(q) In then 
n is a multiple of w(q) which implies n belongs to S a nd 
therefore qlu 0 • 
Lemma 2: If q is a prime gre a te r tha n 3 th e n 
qi (uq-3(q-l )/ 2) (7 ) 
( 8 ) 
Proof of Lemma 2: To prove (7) we write uq = 
1 (l+D)q - (1-{J)q) =(1) + (j)(J3)2 + (~)(.[3)4 + ••• + 
2n 
<t. k 
(2k+1) 3 In the sum, the binomial 
I<= 0 
coefficients are all divisible be the prime q except for 
(tj), thus we have q I (uq-3 (q-l) / 2). 
In order to prove (8) we write, vq = (l+f°j)q + (1-[J)q 
= 2((~) + (~)(.[3)2 + <1)( .[3)4 + ••• + <q:1)([3)(q-l) = 
2 ~:z.( 1 k ) 3 k • Ag a i n , i n t h e s um a 1 1 t h e b i n o m i a 1 
j<:.c 
coefficients are divisible by q except the first term 2(~), 
so we obtain qi (vq-2). 
Lemma 3: If for a prime q > 3, the number w(q) exists, 
then w(q) < q+l. 
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Proof of Lemma 3: Since u 1 = 2, v 1 = 2, if k = q and j 
= 1 then by (1) 2uq+l = 2uq + vq and by (2) -4uq-l = 2uq -
vq. Multiplying these two we get -Buq+luq-1 = 4uJ - v~. 
But, from lemma 2 qi (uq_3(q-l)/ 2 ) which implies 
qi (uq-3(q-l)/ 2 ) (uq+3(q-l)/ 2 )which implies q! (u~-3q-l). Als o 
fromlemma 2, qi (vq-2) which implies qj (vq-2)(vq+2) which 
implies ql (v~-4). Since q is a prime greater than 3 then 
Fermat's theorem will allows us to state q!3q-l_l). Now 
q l (u~-3q-l) and q I 3q-l ===;} q I (u~-1) and si nee q I (u~-1) 
and q I ( v ~ -4) ~ q I ( 4 ( u ~ -1) - ( v ~ - 4)) -----> q I ( 4 u ~ -v J) 
~ qi (8uq+luq-l) which since q > 3 implies qi Uq+l or 
q!uq-l• If qluq+l then by lemma 1 we obtain w(q) ~ q+l 
since w(q) I (q+l). If qj uq-l then by lemma 1 w (q) I (q-1) 
which implies w{q) < q-1. Thus, in either case we have w(q) 
< q+l. 
Now we have the tools to prove sufficiency of the 
condition in the theorem. 
Suppose pis an odd prime and let Mpfsp-l' (we want to 
show that Mp is prime), then 
p-2 
Mp I ( 2 2 ) sp-1. (9) 
By induction we prove that for all natural number n, 
= V • 
2n 
For n = 1 we have 2s 1 = v 2 = 8. Suppose 
m-1 (m+l)-1 
(2 2 )sk = v m for some m then (2 2 )sm+l = 
2 
m 
2 2 +l (definition of Lucas sequence). But this equals 
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v 2 m 2 2 +l. By virtue of (4) with k = 2m we have v m+l = 
2 2 
m+l 
22 Thus V m+ 1 • 
2 
Therefore, for all 
n - 1 
natural number n, (2 2 )Sn= v n· 
2 
Now suppose n = p -1 we have 
p-2 P-1 
(2222 ) sp-1 = (22~ ) sp-1 = 
Using (9) and (10) we obtain 
Mo!v p-1 
< 2 
and by (3) if k = 2P-l then 
Molu p• 
L 2 





Now let g be an arbitrary prime divisor of Mp. Since 
p is odd, the number Mp is not divisible by 3, so q > 3. 
Thus qj Mp and Mpju p implies qju p so by lemma 1 w(q) 12P . 
2 2 
Now w (q),f2p-l because if it did then q!u P-1 
'2 





= (-2) 2 + 2 , but q!Mp and by 
(11) q would be a power cf 2 which is impossible (q is a 
prime> 3). By lemma 3 , 2P ~ q+l 
which implies Mp~ q. When this is considered with the fact 
that q!Mp we see that Mp= q. Thus Mp is prime. 
In order to prove the necessary part, we need one more 
lemma. 
Lemma 4: If p is a prime of the form 12k+7, then 
Pl (3(p-l)/2+1). 
Proof of lemma 4: Let p be a prime of the form 12k+7 
where k is an integer greater than of equal to 1, then p > 
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3. Using some properties of Lengendre's symbol (~) = ( -j-) 
= 1 and ( _,- ) ( i ) = -1, hence ( i.. ) p = -1. Also 
_ 3 (p-l)/ 2 which implies 3(p-l) / 2 _ -1 (mod p). 
( .l.. ) p 
Thus 
Pl (3(q-l)/ 2 +1). Now we can finish the proof of the theorem. 
Suppose p is a orime great e r t han 2 and q = ~ p i s a 
prime, we want to show Mplsp-l· Since p > 2 we know s12P = 
q+l which implies S(t+l)-1 = q ~ 8t+7 = q where tis an 
integer greater than or equal to o. Now q-1 = 2P-2 = 
2 (2P- 1 -1). Since p-1 is even we see p-1 = 2s where s is a 
natural number. Also, 2P-l_1 = 22s_l = {22) s_ 1 = 4S_1 = 
(3+1) s_l = 3u where u is an integer. Hence 3 I (2P- 1 -l), but 
(2P- 1 -l) I (q-1) where q-1 = 8t+6. Thus we see 3 It, so t = 
3k where k is an integer. Therefore, q = 8t+7 = 24k+7. By 
1 2 2 p- l 1 





2 ( 2) 2 
p-1 
- 4(2)2 -1. ( 1 3) 
Again using some the properties of Lengendre symbols, if q 
is prime then ( ~ ):2(q-l)/ 2 (mod q) and if q is a prime of 
the form 8k+7 then ( ~ ) = 1. Consequently 2 (q-l)/ 2 ::. 1 
(mod q ) • H e n c e q I ( 2 ( q - 1 l / 2 - 1 ) i m p 1 i e s q I M ( q _ 1 ) / 2 o r 
p-1 
q!M p-l = 2<2 -l)-1. Thus using (13) we get v p - v 2p-l + 
2 2 
p-1 
4 = -4(2 2 - 1 -1) which implies 
2 qi (v p-v p-l +4). 
2 2 
(14) 
However, by (6) with k = q, j = 1 and since q+l = 2P we have 
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gives 2v f = 2vq + 12uq or v
2
p = vq + 6uq and we can write 
this as 
v p = (vq-2) + 6(uq+l) - 4. (15) 
2 
Since q = 24k+7, lemma 4 implies qi (3(q-l)/ 2 +1). Using 
this fact and (7) we obtain qi (uq_3(q-l)/ 2 + 3( q-l) / 2 +1) 
which can be written as qi (uq+l). Now by (8) q I (vq-2). 
Thus by (15) we see qi (v p+4). 
2 
qlv 2p-l• In view of (10) which 
2 
From this and (14) we obtain 
p-1 
states (2 2 ) sp-l = v p-l we 
2 
can conclude that qi sp-l. Finally recall we assumme q = Mp 
therefore Mplsp-l and the proof is complete. 
